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A note on exponential inequality

Wei Xiong *

December 10, 2021

1 Introduction

We decide to (re)write this note because the author realizes that he is too vegetable to conduct
some hard and rigorous analysis.
We start with the famous concentration results in asymptomatic analysis.

Theorem 1. Weak Law of Large Number. Let {X,} be a sequence of i.i.d. random variables with
expectation EX . Then,
1 n
-3 Xp—EX; =0, (1.1)
"=

in probability.

Actually, this may hold even though the expectation or the second moment of X does not exist.
However, practically, we may concern the non-asymptomatic analysis which means that we are
given only finitely many samples and n will not go to infinity.

2 Sub-Gaussian random variable

We start with the famous Markov’s inequality.

Theorem 2. Markov’s inequality. Let X be a non-negative r.v. in the sense that X > 0 w.p. 1.
Then,

EX

P(X >t) < (2.1)

We note that in general, Markov’s inequality and Chebyshev’s inequality are sharp in the sense
that we can find some distribution for which the bound is tight. However, in many cases, we can
improve the O(%) rate (or O(t%) rate of Chebyshev’s inequality) to an exp(—t) rate. For instance,
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the standard normal distribution:

/:O o(t)dt = /:o \/12? exp(—t%/2)dt

o0 1 9
= -t —t2/2)dt
/x =t exp(—2/2)
1 1 >

=t [T () (g et ) at
_ @) _ /oo ﬁf)dt

x z t
< Ma

1 where ¢(x) = \/% exp(—%). Therefore, some random variables can achieve an rate of O(exp(poly(t))).
15 We want to find them beyond the normal distribution. We then motivate the sub-Gaussian random
16 variables through a discussion for the moment generating function.

Theorem 3. Inequality induced by generating function. If a random variable has a moment gen-
erating function ¢p(\) = E[e*X], for all X > 0, we have

P(X >t)< EE:;X] = p(N)e (2.2)

Proof.

It also holds that

P(X —EX >t) = P(MYEX) > My < Eexp(A(X — EX))
exp(At)

17 Since we can replace X — EX =Y, we only need to consider the mean-zero random variables. []

Remark 1. This theorem is super important because it motivates us to consider random variables
with an upper bound on the moment generating function. Moreover, the technique

Eexp(A(X — EX))

P(X —EX > t) = P(exp(A(X — EX) > exp(\)) < exp(M)

18 48 standard and will be used throughout the rest of this note.

This result implies that an upper bound for EA(X — EX) leads to an upper bound for the tail
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probability. For instance, for the normal distribution N(0,02), we have

Elexp(AX)] = /Oo 1 exp ()\x - 12x2> dx

—00 V2mo? 20
a2,2 o0 ] 1 ) \2
=e 2 — —— (=X d
e [m 3 exp( 552 (:L’ o x) ) T
A2o2
= exp(A)

Therefore, N(0,0?) achieves a rate of O(exp(—t?)) if we take A = 3

t2
o

This motivates us to consider the class of sub-Gaussian random variables whose moment generating
functions are bounded.

Definition 1. Sub-Gaussian random wvariable. A random variable is said to be sub-Gaussian with

parameter o2 if
2 2

Eexp(AMX —EX)) < exp(— ), VA € R. (2.3)

The definition requires that the moments of X exist and grow mildly because we have

Eexp(AX) =Y —EXP*

!
= k!

Theorem 4. Tail bound of Sub-Gaussian random variable.

t2
P(X >EX < -
t2
P(X <EX —t) < ——).
(X SEX ~1) < exp(— )

(2.4)

Proof. Using similar Chernoff-type techniques as in theorem 3 and minimized w.r.t. A as in the
normal distribution case. O]

One important thing is that sub-Gaussian random variables are closed under linear combination.

Theorem 5. Linear combination of sub-Gaussian random variables.

o If X1,---, X, are independent sub-Gaussian with parameter o2,--- 02, then Z = ", X;
is sub-Gaussian with parameter S0, 02;

o If X is sub-Gaussian with parameter o?, then cX is sub-Gaussian with parameter c*o?.

Consequently, we have

P(;(Xi —-EX;) >1t) < eXp(—72 S 03)7 P(;(Xi —EX;) < —t) < eXp(—i2 S
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Proof. The second property is easy to verify. The first one is because
Eexp(A\(Z —EZ)) =E |[[ exp(A(X; — EX;)
i=1

= [[Eexp(A(X; — EX;)

i=1
< exp(\? Z?_zl % )
0
Examples:
e N(p,0?) is o%-sub-Gaussian;
(b—a)?

« Bounded random variable on [a,b] is ~~—~—-sub-Gaussian;
The bounded random variable deserves a theorem!

Theorem 6. Hoeffding’s inequality. Let X1,---, X, be independent random variables s.t. X; is
supported on [a;, b;]. Then,
- 2t2 - 2t2
P} (Xi—EX)) > 1) Sexp(—=z——3),  PQ_(G—EX;) < )} < exp(—=———3)
=1 lzl(bl - a’i) i=1 iZl(bi — ai)
(2.6)

Remark 2. There are also results related to the concentration of functions of random variables
(beyond the linear combination). For instance, the McDiarmid’s inequality. However, since the
authors do not know much about them, they are omitted here.

3 Sub-Exponential random variable

A slightly weaker condition than sub-Gaussianity is sub-exponentiality, which, for a mean-
zero random variable, means that its moment generating function exists in a neighborhood of
zero. Indeed, if the random variables have small variance, we would like to see it reflected in the
exponential tail bound where the variance does not appear in Hoeffding’s inequality.

We begin with an example of Laplace distribution with parameter 1: f(z) =  exp(—|z|.

P(|X| >t) =exp(—t),t >0

1 ) 1 (3.1)
Eexp(sX) = T |s] < 1Eexp(sX) =exp(2s),|s| < 3
Clearly, it is not sub-Gaussian because its moment generating function does not exist for |s| > 1.
The tails of this distribution do not decay as fast as the Gaussian variables. However, we can
still find some useful bound through its moment generating function using similar technique for
sub-Gaussian random variables
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Definition 2. Sub-exponential random variable. A random variable X is said to be sub-exponential
with parameter (72,b) if

A2T2
Elexp(A(X — EX))] < exp(

), VA < (3.2)

Therefore, o2-sub-Gaussian r.v. is (02, 0)-sub-exponential.

Theorem 7. Tail bound of Sub-exponential random variable. Suppose that X is a sub-exponential
with parameters (72,b), then it holds that

2 2
P(X —EX > 1) < exp(——),0 < t < —
272 b’
A (3.3)
P(X —-EX >t < - —_.
(X—5X >0 <exp(— )1 >

Similar bounds hold for the left side.

Proof. We start with the same argument in the sub-Gaussian case. For all |\| < 1, we have

E |e*X 2.2
P(X > 1) < [e }Sexp</\27 —At).

Denote g(\) = # — At. It remains to minimize g(\). For each fixed ¢t > 0, we know that g(\)

attains minimum at T%

Case 1: 0 <t < %, i.e., % < . S0,

=

ming() = (=) =~

Case 2: t/72 > %. In this case, since the function is monotonically decreasing in the interval
[0, A*), the constrained minimum occurs at % and we have

t
< ——

. ot 172
ming(\) = =3+ 55 = "5

where the last inequality uses the fact that ¢/72 % O
Again, we are concerning % instead of X itself. The following result is useful.

Theorem 8. Linear combination of sub-exponential random variables. Let X1, ..., X,, be indepen-
dent mean-zero sub-exponential random variables, where X; is (02, b;)-sub-exponential. Then for
any vector a; € R™, we have

2 n 2 1
Elexp )\Zal i)] < exp( %) Al < 5 (3.4)
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where b, = max; b;la;|. In other words, Y11 a; X; is (3.7, a?c?,b,)-sub-exponential. Then, it

holds that

n 1 t2 E".l_ a20'.2
P X > 1) < - 0<t< =1 "%
D T L
- 1t m i aio? (3.5)
P> aiX; > t) <exp(—-——),0< t > ==
( ;g =2 ) — exp( 2b*”aHoo) — b*

=1

Proof. Inductively applying the condition for each random variable is sufficient. We first note that

2.2
- 1
L >,‘)\a1§b
(]

Nalo?

E [exp (Aa; X;)] < exp (

Then, it holds that

n

= - Aa?o? 1
E |exp )\ZaiXi = HE[exp (Aa; X;)] < Hexp 2’ LLVIA < b
i=1 i=1

i=1

O

3.1 Bernstein-type Bound

Using a moment condition, we can obtain so-called Bernstein-type Bound.

Definition 3. Bernstein condition. A random variable X with mean u and variance o is said to

satisfy the Bernstein condition if

ko koo

E(X —p)" < =o“b" k>2 (3.6)

2

Theorem 9. Bernstein-type Bound. For any random variable satisfying the Bernstein condition,

we have \2g2
o 1
E AMX — < — ) V|A < =
exp(A(X — 1)) < expl( i) VM <
and moreover, the concentration inequality
2
P(IX —pl=1) < 2€Xp(—m),w >0

In particular, X is (v/20,2b)-sub-exponential. Finally, if X1,---, X, are i.i.d. random variables
satisfying Bernstein condition with b. Then, it holds that

n n 2
p(% ZXZ- —EX >1t) < exp(—m)
=1 (37)
n —t2
P(;(X, ~EX) 2 ) S explyp )
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Proof. We assume =0 W.L.O.G..

Elexp(AX)] =1+

k=3
)\20_2 )\20_2 o0 b2
< _
Sl ——+— > (IAlp)E2,

where we use the Bernstein condition in the last step. For any |A| < %, we can sum the geometric

series to obtain
\252 1 \2g2

Eexp(AX) < 1 o
expOX) < 1+ ——7—7p = *PGa )

where we use e? > 14 x,Vx € R. To show that X is (202, 2b)-sub-exponential, we note that for

Al < 2, we have
Eexp(AX) < exp( )

Now we give a proof for the tail probability inequality. Note that we will not directly use E exp(AX)
2(,/20)?
(077)

)\2(\/50_)2
2

IN

exp since we can get a sharper bound here.

2 2 1

A
? XV < 2,

P(X = p = 1) = Plexp(MX —p)) =€) < exp(gr—pryys -

where we use Markov’s inequality and the above moment generating function bound in the last
step. Setting A = bt+%c2 < % concludes the proof.
Finally, we have

1 )\20’
exp(A(— ) < exp )
n ; H b\)\!/ n)

V(l im1 Xi)A?

n

=G0 b))

Therefore, %Z?:l X, satisfies Bernstein condition with % and %02. Similarly, > ; X, satisfies
Bernstein condition with b and no?. O

Example: we shall focus on the random variable satisfying |X —EX| < b. Then, the Bernstein
condition is satisfied with %. (the proof is tedious and is omitted. To prove this, it is sufficient to
expand the exp(-) and note that %' > 3%=2 for k > 2.) Therefore, we have:

Theorem 10. Let X; be a sequence of i.i.d. random variables such that |X; — EX;| < b. Then, it
holds that
—¢2

n
P( X;—EX >t)< _
(Z ‘ - )_exp(2n02+%bt

=1

) (3.8)
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3.2 Discussion

Recall the Hoeffding-type inequality is of the form P(>"1 , a;X; > t) < exp(—W). For
small ¢, Bernstein-type bound behaves similarly to sub-Gaussian tail (exp(—t?)). For large ¢, the
bound is weaker (exp(t)). However, we find that sub-exponential property sometimes can provide
sharper inequality than that of sub-Gaussian because it uses the information of variance.

Example. Suppose that the random variables X; are i.i.d., mean-zero and satisfy X; € [—b, D]
with probability 1, but have variance 0% = E[X?] < b?. Bernsteln -type bound implies that

P(iaX >t><e p( 1mm{5 t2 t })
i 2 1] S ex
i=1 2 6 0?[[all3” 2b]lallo

With the fact that 5/12 > 1/3 and taking a; = £, we obtain that 237 | X; — 0 < ¢ w.p. at least

1 —exp(—n min{%, +1). We can take ¢ = max{o/ 312?5, 4b10§1/5} with probability 1 — 4. On
the contrary, the bound via Hoeffding-type bound (which only uses the information of range) is
b \/2log % '
n
We can also have a interpretation from another point of view similar to the discussion above.

We consider a sequence of i.i.d. bounded random variables where X; € [a,b] and R = b — a. Then,
it holds that

Hoeffding : fZX EX < \]; 10g(1/(5) =0 n
i=1

2 .
ZX EX < 2\/o log 2y/o*log(1/6) 4blog log(1/6) _H

n

(3.9)

(

Bernstein : —

%

Therefore, for random variable with a small variance compared to its range, Bernstein’s inequality
can give a sharper bound.

3.3 Ond-sided Bound

If we only have an upper bound for the range of X, it is still possible to derive one-sided bounds.

Theorem 11. One-sided Bernstein inequality. If X < b almost surely, then,

2R X2
Eexp(AM(X —EX)) < exp (1)\_)\1)/3) , YA €[0,0/3)
P (3.10)
-n
X; —EX;) >t) <ex
; )2 1) p<2( L EX2)+bt/3>
Proof. See proposition 2.14 in [3]. O
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4 Martingale

The inequalities provided so far are used for sum of independent variables. However, this is not
true in general for multi-armed bandit and reinforcement learning. This is because the agent makes
a decision based on the historic observations. For instance, the arm chosen in time 10 depends on
Xay, Xagy 0 3 Xag Where X, is the reward in time ¢ and a; is the distribution sampled in time ¢.
However, we shall see that conditioned on the history and ajg, Xg,, is sub-Gaussian if we assume
it is bounded. We expect to have some concentration result in such a case.

4.1 Martingale

We consider {Xj}}_: a sequence of independent random variables and a function f: R"™ — R.
We are interested in the deviations of f(X) = f(X1,c...,X,) from its mean. To analyze it, we
define Yy = E[f(X)],Y,, = f(X), and

Yk :E[f(X)’Xl, ,Xk],k: 1,2,‘-- , N — 1,

where we assume that all conditional expectations exist. We have a telescoping decomposition

FX) —EF(X) = Yo —Yo= 3 (Ye— Y1)
k:lT

That is, f(X) — Ef(X) is written as a sum of increments {Dy}}_;. Here, {Y;}}_, is a Doob
martingale, whereas {Dy}}_; is a martingale difference. More generally, we consider a sequence
of o-algebra {Fi}32 s.t. Frp C Fiy1 for all £ > 1. The sequence is known as a filtration. For
instance, in the above example, we have o(X1, -+, X;) = Fr. We then have a sequence of random
variables s.t. Y}, is measurable w.r.t. Fj (also referred as adapted to the filtration {F;}32,. Then,
we have

Definition 4. Martingale. {(Yy, Fi)}32 is a martingale if for all k > 1, we have
E‘Yk’ < 00, E[Y;H_l‘fk] =Y. (4.1)

Frequently we can see that Fi = o(Xy,---,Xy). Moreover, if F, = o(Y1,---,Ys), we say
{Y};} forms a martingale sequence. We find a somewhat easier interpretation and some examples
will be provided later. Consider a sequence of random functionals &;(S1),- - ,&,(S,) where S, =
(Zy,+ -+, Zy,) and &; is sub-Gaussian w.r.t. Z; with parameter o2 which possibly depends on S;_.
Then, we can still get some concentration result (Azuma-Hoeffding inequality which is provided
later). For instance, consider the UCB-1 algorithm for the stochastic K-armed MAB with Z; = X,
and {(Sn) = m Yim1 XaI(ar = k).

Example: Consider a sequence of i.i.d. random variables {Xj}. Let Fr = o(X1, -, X) and
Sk = Y0 X;. Then,

E[Sk+1‘fk] = E[Xk+1 -+ Sk‘Xl, s ,Xk] =u-+ Sk.
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Therefor, {Sk} is not a martingale unless p = 0. We can take Y, = S, — ky = ?Zl(Xj — ).
Then, {Y;} is a martingale.

Example: Doob construction. Let XF = (X1,---, X}) and suppose E|f(X)| < co. Then,
E|Yy| = E[E[f(X)|XT]| < EE|f(X)| | X}
where we use [E[f(X)|X}]| < E|f(X)||X} due to the convexity of | - |. It also holds that,
E[Yi+1|X7] = E[E[f(X)|XTH1XT] = ELf(X)|X7] = Y,

where the last step we use the tower property of conditional expectation: For sub-o-algebras
H1 C Hy C F, we have
E(E(X|H2)|H1) = E(X[H1),

where Hy = o(X}) and Hy = o(XF) here.
Example: Likelihood ratio. Let f and g be two mutually absolutely continuous densities and
let { X%} be a sequence of random variables i.i.d. from f. We define

Y =
H f Xe
Then the sequence {Y;} is a martingale w.r.t. {Xj} because

E[Yn+1|X1’ T 7Xn] - E|

where the last step uses E% =[f (:U)%dx = [g(z)dz =1 (note they are mutually absolutely
continuous).
Example: Martingale difference.

E|Dy| < oo, ,E[Dg11|Fr] = 0.
Given a martingale {Yj}, we can take Dy = Y} — Y;_1 to obtain
E[Dg11|Fe] = E[Yis1|Fi] — E[Y5|F] = 0.
We have

n
Y, =Yy=> Dy
k=1

10



w 4.2 Concentration bounds for martingale difference sequences

We derive bounds for difference Y;,—Yj, or as bounds for >°7'_; Dy (sum of martingale difference).
The main idea (from my understanding) is that we can replace the independence with

]Ef(xla T 7$n) = E[E[f(xlv to 7xn)‘fn—1]]'
Theorem 12. Let {Dy, Fi} be a martingale difference and suppose that

vg 1

Elexp(ADy)|Fr—1] < exp(—7),V|A| <

i.e., conditionally sub-exponential(T?,by). Then, it holds that S} _, Dy, is sub-exponential (31_q T2, bs)
where by = max b and

t2
n n n7 T . Zn: k
k=1 ¢ 2% ift > Zk*l Tk

Proof. The proof is standard: control the moment generating function, then apply Chernoff method.
We have »
E [N 2] =k [ex(zk_l DR [P fnlﬂ
E [e/\ >y Dk} evr,%/;

Iterating this procedure yileds that

n__2
n T 1
E (21 Pe)| < exp( Ty YAl < —.
p(A 2:: 2 h VN <
102 D
103 We shall see that the above procedure also works for the conditionally sub-Gaussian case where

104 b, = by, = 0. A special case is the bounded random variable and the corresponding famous Azuma-
15 Hoeffding inequality.

Theorem 13. Azuma-Hoeffding inequality. Let {Dy,Fr} be a martingale difference where there
are constants {(a,bi)} s.t. Dy € [ax,bg] for all k > 1. Then, for all t > 0, we have

n 2t2
P(| Dy| > t) < 2exp(— ) (4.3)
kz::l > k=1 (b — ag)?
106 Proof. Note that Dy conditioned on F_q is W-sub—(}aussian. O

11



w 4.3 One-sided results
Theorem 14. Azuma-Hoeffding, one side. Let X; € F; and Fr_1 C Fi. If it holds that

E[X; — E[X;]|Fi—1] = 0, X; <EX; + R;,

then it holds that

- 2t2
X —EXy) >t) < 2exp(— ) (4.4
e ) S I )
108 Note that it means that {X; — EXy} is a martingale difference. Similarly, we have

Theorem 15. Azuma-Bernstein, one side. Let X; € F; and Fr_1 C Fx. If it holds that
E[XZ - E[XZ”FZ_ﬂ =0, X, <EX;+ R, V(Xl|./~"1_1) <o
then it holds that

t2
231 102 +2/3Rt

i (Xx —EXy) >t) < 2exp(— ) (4.5)

w D Uniform Convergence

Consider a supervised learning problem with hypothesis space H where |H| < co. We assume
(X,Y) is sampled from some unknown distribution P(X,Y"). For a fixed a hypothesis f € H, the
population risk is given by

L(f) = Exx y)~pl(f(X),Y),

where (-, -) is a loss function, e.g., £(f(z),y) = (f(z)—y)?. Givenadataset D = {(X1,Y1), -, (Xn, Ya)},
we also define the empirical risk as

Clearly, we have

EpL(f) =L(f),  L(f) = L(}),

1o as n tends to infinity (under some mild condition of Law of Large Number). Actually, we can find
1 that \/ﬁ(é — 0*) is asymptomatic normal under some regularization condition where we assume
u2 that H = {fy: 6 € O}.
What we care about? Suppose that we find a f € # by minimizing L(f), f € H (e.g. we run
SGD/Adam) and assume that the minimizer of L(f) is f* € H. Here we assume 0 < ¢(-,-) <1 for
simplicity (sub-Gaussian assumption).

L(f) = L(F) = (L)) = LCH) + (L) = L)) + (E(F) = L(f9)

12
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We first note that B < 0 because f minimizes L(-). Then, we have

L(f) = L(f*) < (L) = L)) + (E(F) = L)

A C
< sup | () = LDl + (LU~ L(f)
< 2sup |L(f) — L(f)!.
feH

Clearly, we shall expect that |L(f) — L(f)| is small according to concentration inequality for each
fixed f € H because they are sample mean and true expectation. However, we cannot obtain such
a result because

{(((f(X:,Y;):i=1,2,--- ,n}
are not independent, since f(-) is obtained via a minimization problem over the data set D and
consequently the i.i.d. assumption over D does not hold for ¢(X;,Y;). This is the reason why we
need a uniform convergence for all f € H and clearly such a bound directly gives a generalization
bound over L(f) — L(f*).

5.1 Technique to obtain uniform convergence bounds

We first note that for a sequence of i.i.d. random variables {Xj}7_,, {f(Xx)}}_, are also i.i.d.
for a fixed function. In particular, the function f(-) does not relies on {Xj}}_;.

Finite H. We take 6y = %‘ to construct a concentration bound for each f € H. Then, applying
a union bound over all f € H:

) 1 2 > 1 2
P (;lelgw(f) —L(f) > \/M> < J;AP <!L(f) — L] >[5, log 5/|H|> -

O _
|H|

< |H| % 0,

where we use boundedness assumption in the second inequality to apply the Hoeffding’s inequality.
We can apply the Hoeffding’s inequality here because f in P (|L(f) — L) > /5= log ﬁ) is a
fixed function instead of a function obtained via a minimization problem over D.

Infinite H. We can first find a finite covering H. of H s.t. for all f € H, we can find some
fe € He and

sup |f(z) = fe(z)| <e.

Then, we derive a uniform convergence result on H, via union bound in the finite H case and obtain

13
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that for all f € H, we have

L(F) = BN = | 32 (e~ B +(F — f) +E(fe — ) (X0)
=1
SIS (e~ BRI+ 13— fl+ 2 Y B~ ) (5.2)
1 i=1 i=1

=15
5

o
o9

2
— + 2
n B S

|
)

where |H|. is referred to e-covering number. Clearly, we can tolerate an exponential covering
number, e.g., exp(£),exp(5) which will contribute to the generalization bound with poly(1/e).
The author is too vegetable to be aware of the general case but knows an example.

Example: Let B,e > 0 and consider S = {z € R? : || X||2 < B}. Then, we can find a e-covering
w.r.t. fo-norm with at most (%)p elements and we have

3B

3B
log(=—)" = plog(——).

Roughly speaking, we have

L(f) = L(f*) < O(

6 Other contents.

o McDiarmid’ inequality (also referred as Bounded differences inequality, Lipschitz w.r.t. Ham-
ming norm);

e Concentration of functions of Gaussian random variables;
e X is sub-Gaussian, then X2 behaves in a sub-Gaussian way:;

— [3] exercise 2.6;

— X? —EX? is sub-exponential(160?), see note of MIT.

e Maximum of sub-Gaussian;

6.1 More Examples

Similar issues arise in the setting of bandit and RL. In particular, the uniform convergence
is required for the class of UCB algorithms. See the uniform concentration result (step 1) in [2];
lemma 39 of [1], this example also demonstrates that we may get a sharper bound via Bernstein-type
inequality; unstable issue in [4].

14
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